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Abstract It is well known that generalized metric spaces
in the sense of Branciari might not be Hausdorff and,
hence, there may exist sequences in them having more than
one limit. Thus, in most of the fixed point results obtained
recently in such spaces, Hausdorffness was additionally
assumed. We show in this article that, nevertheless, most of
these results remain valid without this additional
assumption.
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Introduction
A lot of generalizations of metric spaces exist. Most of
them were introduced in an attempt to extend some fixed
point theorems known from the metric case. One of the
fruitful generalizations of this kind was given by Branciari
in 2000 [1] who replaced the triangular inequality by a
more general one, which was later usually called a rect-
angular or a quadrilateral inequality. These new spaces
became known as generalized metric spaces (g.m.s., for
short) or rectangular spaces. Several authors (e.g., [2–29])
proved various (common) fixed point results is such spaces.
In some of the first papers which dealt with fixed point
theorems in g.m.s., it was sometimes implicitly assumed
that the respective topology is Hausdorff and/or that the
generalized metric is continuous (see, e.g., [1, 5, 11, 19]).
However, as shown by examples in [26, 27], a generalized
metric need not be continuous, neither the respective
topology need to be Hausdorff. Hence, in further articles,
usually one or both of these conditions were additionally
assumed (see, e.g., [4, 7–10, 12, 14, 19, 20, 25, 27]).
In this paper, we show that a number of these results are
nevertheless valid without assumptions of generalized
metric being continuous or the respective topology being
Hausdorff. In particular, we prove (common) fixed point
results that are extensions of Geraghty-type results, results
using altering distance or admissible functions and results
in generalized cone metric spaces. References to some
further results can be found in [30].
Preliminaries and auxiliary results
The following definition was given by Branciari in [1].
Definition 1 Let X be a nonempty set, and let d :
X  X ! ½0;þ1Þ be a mapping such that for all x; y 2 X
and all distinct points u; v 2 X, each distinct from x and y:
1. dðx; yÞ ¼ 0 iff x ¼ y;
2. dðx; yÞ ¼ dðy; xÞ;
3. dðx; yÞ dðx; uÞ þ dðu; vÞ þ dðv; yÞ (rectangular
inequality).
Then ðX; dÞ is called a generalized metric space (g.m.s.).
Convergent and Cauchy sequences in g.m.s., complete-
ness, as well as open balls BrðpÞ, can be introduced in a
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standard way. However, the following example, presented
by Sarma et al. in [27, Example 1.1] (see also [26]), shows
several possible properties of generalized metrics, different
than in the standard metric case.
Example 1 [27] Let A ¼ f0; 2g, B ¼ f1
n
: n 2 Ng,
X ¼ A [ B. Define d : X  X ! ½0;þ1Þ as follows:
dðx; yÞ ¼
0; x ¼ y
1; x 6¼ yandfx; yg  A or fx; yg  B
y; x 2 A; y 2 B






Then ðX; dÞ is a complete g.m.s. However, it was shown in
[27, Example 1.1] that:
– there exists a convergent sequence in ðX; dÞ which is
not a Cauchy sequence;
– there exists a sequence in ðX; dÞ converging to two
distinct points;
– there is no r [ 0 such that Brð0Þ \ Brð2Þ ¼ ;;
– limn!1 1n ¼ 0 but limn!1 dð1n ; 12Þ 6¼ dð0; 12Þ; hence d is
not a continuous function.
As shown in the previous example, a sequence in a
g.m.s. may have two limits. However, there is a special
situation where this is not possible, and this will be useful
in some proofs. The following lemma is a variant of [31,
Lemma 1.10].
Lemma 1 Let ðX; dÞ be a g.m.s. and let fxng be a Cauchy
sequence in X such that xm 6¼ xn whenever m 6¼ n. Then
fxng can converge to at most one point.
Proof Suppose, to the contrary, that limn!1 xn ¼ x,
limn!1 xn ¼ y and x 6¼ y. Since xm and xn are distinct
elements, as well as x and y, it is clear that there exists
‘ 2 N such that x and y are different from xn for all n [ l.
For m; n [ ‘, the rectangular inequality implies that
dðx; yÞ dðx; xmÞ þ dðxm; xnÞ þ dðxn; yÞ:
Taking the limit as m; n !1, it follows that dðx; yÞ ¼ 0,
i.e., x ¼ y. Contradiction. h
The following lemma is a g.m.s. modification of a result
which is well-known in metric spaces (see, e,g,. [32,
Lemma 2.1]). Using it, many known proofs of fixed point
results in g.m. spaces become much shorter.
Lemma 2 Let ðX; dÞ be a g.m.s. and let fyng be a
sequence in X with distinct elements (yn 6¼ ym for n 6¼ m).
Suppose that dðyn; ynþ1Þ and dðyn; ynþ2Þ tend to 0 as
n !1 and that fyng is not a Cauchy sequence. Then
there exist e [ 0 and two sequences fmkg and fnkg of
positive integers such that nk [ mk [ k and the following
four sequences tend to e as k !1:
dðymk ; ynkÞ; dðymk ; ynkþ1Þ; dðymk1; ynkÞ; dðymk1; ynkþ1Þ:
ð2:1Þ
Proof Since fyng is not a Cauchy sequence, there exist
e [ 0 and two sequences fmkg and fnkg of positive inte-
gers such that nk [ mk [ k, dðymk ; ynkÞ e and nk is the
smallest integer satisfying this inequality, i.e., dðymk ; y‘Þ\e
for mk\‘\nk.
Let us prove that the first of the sequences in (2.1) tends
to e as k !1. Note that, by the assumption,
dðymk ; ymkþ1Þ ! 0 and dðymk ; ymkþ2Þ ! 0 as k !1.
Hence, it is impossible that nk ¼ mk þ 1 or nk ¼ mk þ 2
(because in either of these cases it would be impossible to
have dðymk ; ynkÞ e). Thus, we can apply the rectangular
inequality to obtain
e dðymk ; ynkÞ dðymk ; ynk2Þ þ dðynk2; ynk1Þ þ dðynk1; ynkÞ
 eþ dðynk2; ynk1Þ þ dðynk1; ynkÞ ! e;
as k !1, implying that dðymk ; ynkÞ ! e as k !1.
In order to prove that the second sequence in (2.1) tends
to e as k !1, consider the following two rectangular
inequalities:
dðymk ; ynkþ1Þ dðymk ; ynkÞ þ dðynk ; ynk1Þ þ dðynk1; ynkþ1Þ
dðymk ; ynkÞ dðymk ; ynkþ1Þ þ dðynkþ1; ynk1Þ þ dðynk1; ynkÞ;
which, together with dðymk ; ynkÞ ! e imply that
dðymk ; ynkþ1Þ ! e as k !1.
The proof for the other two sequences can be done in a
similar way, using the following rectangles:
ðymk1; ynk ; ynk2; ymkÞ and ðymk ; ynk ; ymk1; ymk2Þ;
resp.




In the following Geraghty-type result [33], we will use the
class S of real functions b : ½0;þ1Þ ! ½0; 1Þ satisfying the
condition
bðtnÞ ! 1 as n !1 implies tn ! 0 as n !1:
Note that we neither assume that the space ðX; dÞ is
Hausdorff, nor that the mapping d is continuous.
Theorem 1 Let ðX; dÞ be a g.m.s. and let f ; g : X ! X be
two self maps such that f ðXÞ  gðXÞ, one of these two
subsets of X being complete. If, for some function b 2 S,
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dðfx; fyÞ bðdðgx; gyÞÞdðgx; gyÞ ð3:1Þ
holds for all x; y 2 X, then f and g have a unique point of
coincidence y	. Moreover, for each x0 2 X, a corre-
sponding Jungck sequence fyng can be chosen such that
limn!1 yn ¼ y	.
If, moreover, f and g are weakly compatible, then they
have a unique common fixed point.
Proof We will prove first that f and g cannot have more
than one point of coincidence. Suppose to the contrary that
there exist w1; w2 2 X such that w1 6¼ w2, w1 ¼ fu1 ¼ gu1
and w2 ¼ fu2 ¼ gu2 for some u1; u2 2 X. Then (3.1) would
imply that
dðw1; w2Þ ¼ dðfu1; fu2Þ bðdðgu1; gu2ÞÞdðgu1; gu2Þ
¼ bðdðw1; w2ÞÞdðw1; w2Þ\dðw1; w2Þ;
which is impossible.
In order to prove that f and g have a coincidence point,
take an arbitrary x0 2 X and, using that f ðXÞ  gðXÞ,
choose sequences fxng and fyng in X such that
yn ¼ fxn ¼ gxnþ1; for n ¼ 0; 1; 2; . . .
Moreover, if yn ¼ ym for some n 6¼ m, then we choose
xnþ1 ¼ xmþ1 (and hence also ynþ1 ¼ ymþ1).
If yn0 ¼ yn0þ1 for some n0 2 N, then xn0þ1 is a coinci-
dence point of f and g, and yn0þ1 is their (unique) point of
coincidence.
Suppose now that yn 6¼ ynþ1 for each n 2 N. Then, using
(3.1), we get that
dðyn; ynþ1Þ ¼ dðfxn; fxnþ1Þ bðdðgxn; gxnþ1ÞÞdðgxn; gxnþ1Þ
¼ bðdðyn1; ynÞÞdðyn1; ynÞ\dðyn1; ynÞ:
Hence, fdðyn; ynþ1Þg is a strictly decreasing sequence of
positive real numbers, tending to some d 0. Suppose that
d[ 0. Then, since
dðyn; ynþ1Þ
dðyn1; ynÞ  bðdðyn1; ynÞÞ\1;
taking the limit as n !1, we get that bðdðyn1; ynÞÞ ! 1.
But this implies that dðyn1; ynÞ ! 0, a contradiction.
Hence,
dðyn1; ynÞ ! 0 as n !1: ð3:2Þ
In a similar way, one can prove that
dðyn2; ynÞ ! 0 as n !1: ð3:3Þ
Suppose now that yn ¼ ym for some n [ m (and hence, by
the way yn’s are chosen, ynþk ¼ ymþk for k 2 N). Then,
(3.1) implies that
dðym; ymþ1Þ ¼ dðyn; ynþ1Þ bðdðyn1; ynÞÞdðyn1; ynÞ   
 bðdðyn1; ynÞÞ   bðdðym; ymþ1ÞÞdðym; ymþ1Þ\dðym; ymþ1Þ;
a contradiction. Thus, in what follows, we can assume that
yn 6¼ ym for n 6¼ m.
In order to prove that fyng is a Cauchy sequence,
suppose that it is not. Then, by Lemma 2, using (3.2) and
(3.3), we conclude that there exist e [ 0 and two sequences
fmkg and fnkg of positive integers such that nk [ mk [ k
and the sequences (2.1) tend to e as k !1. Using (3.1)
with x ¼ xmk and y ¼ xnkþ1, one obtains
dðymk ; ynkþ1Þ
dðymk1; ynkÞ
 bðdðymk1; ynkÞÞ\ 1:
Letting k !1, it follows that bðdðymk1; ynkÞÞ ! 1,
implying that dðymk1; ynkÞ ! 0, a contradiction.
Suppose, e.g., that the subspace gðXÞ is complete (the
proof when f ðXÞ is complete is similar). Then fyng is a
Cauchy sequence, tending to some y	 2 gðXÞ, i.e., y	 ¼ gz
for some z 2 X. In order to prove that fz ¼ gz, suppose that
fz 6¼ gz. Then, by Lemma 1, it follows that yn differs from
both fz and gz for n sufficiently large. Hence, we can apply




as n !1. It follows that fz ¼ gz is a point of coincidence
of f and g.
In the case when f and g are weakly compatible, a well-
known result implies that f and g have a unique common
fixed point. h
The following example is inspired by [9, Example 2.4].
Example 2 Let X ¼ fa; b; c; d; eg and d : X  X !
½0;þ1Þ be defined by:
dðx; xÞ ¼ 0 for x 2 X;
dðx; yÞ ¼ dðy; xÞ for x; y 2 X;
dða; bÞ ¼ 3t;
dða; cÞ ¼ dðb; cÞ ¼ t;
dða; dÞ ¼ dðb; dÞ ¼ dðc; dÞ ¼ 2t;
dða; eÞ ¼ dðc; eÞ ¼ t; dðb; eÞ ¼ dðd; eÞ ¼ 2t;
where 0\t\ log 2
2
, i.e., e2t [ e log 2 ¼ 1
2
. Then it is easy to
check that ðX; dÞ is a g.m.s. which is not a metric space
since
dða; bÞ ¼ 3t [ 2t ¼ dða; cÞ þ dðc; bÞ:
Consider the following mappings f ; g : X ! X.
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f ¼ a b c d e
c c c a c
 
g ¼ a b c d e
a a c d a
 
:
Then f ðXÞ ¼ fa; cg  fa; c; dg ¼ gðXÞ. Take the function
b 2 S defined by bðtÞ ¼ et for t [ 0 and bð0Þ 2 ½0; 1Þ.
Let us check that f ; g satisfy contractive condition (3.1) of
Theorem 1. Let x; y 2 X with x 6¼ y and consider the fol-
lowing possible cases:
1
 x; y 2 fa; b; c; eg. Then fx ¼ fy ¼ c and dðfx; fyÞ ¼ 0.
Hence, (3.1) trivially holds.
2
 x 2 fa; b; eg, y ¼ d. Then fx ¼ c, fy ¼ a and
dðfx; fyÞ ¼ t; gx ¼ a, gy ¼ d and dðgx; gyÞ ¼ 2t. Hence,
dðfx; fyÞ ¼ t\e2t  2t ¼ bð2tÞ  2t ¼ bðdðgx; gyÞÞdðgx; gyÞ;
since 1\e2t  2.
3
 x ¼ c, y ¼ d. Then fx ¼ c, fy ¼ a and dðfx; fyÞ ¼ t;
gx ¼ c, gy ¼ d and dðgx; gyÞ ¼ 2t. Hence, the inequality
(3.1) is again satisfied.
All the conditions of Theorem 1 are satisfied and f and g
have a unique point of coincidence (which is c). c is also
their unique common fixed point.
Taking g ¼ iX , we get the following variant of Gera-
ghty-theorem in generalized metric spaces.
Corollary 1 Let ðX; dÞ be a complete g.m.s. and let f :
X ! X be a self map. If, for some function b 2 S,
dðfx; fyÞ bðdðx; yÞÞdðx; yÞ
holds for all x; y 2 X, then f has a unique fixed point z.
Moreover, for each x0 2 X, the corresponding Picard
sequence fxng converges to z.
Remark 1 Taking bðtÞ ¼ k 2 ð0; 1Þ in the previous cor-
ollary, we get the Banach contraction principle in gen-
eralized metric spaces, proved without the assumption that
the space is Hausdorff and/or that the function d is con-
tinuous. In a similar way, most of the results from the
papers [1, 4, 7–10, 12, 14, 19, 20, 25, 27] can be proved
without the assumption of Hausdorffness.
Remark 2 It is easy to see that the result of Theorem 1
remains valid if the inequality (3.1) is replaced by the
following one
dðfx; fyÞ bðMðx; yÞÞMðx; yÞ;
where Mðx; yÞ ¼ maxfdðgx; gyÞ; dðgx; fxÞ; dðgy; fyÞg.
Altering distance functions
Recall (see [34]) that a mapping w : ½0;þ1Þ ! ½0;þ1Þ is
called an altering distance function if:
(i) w is increasing and continuous,
(ii) wðtÞ ¼ 0 iff t ¼ 0.
The following theorem is a g.m.s. version of the main
result from [34]. Its proof completely follows the lines of
proof of Theorem 1 and hence it is omitted.
Theorem 2 Let ðX; dÞ be a g.m.s. and let f ; g : X ! X be
two self maps such that f ðXÞ  gðXÞ, one of these two
subsets of X being complete. If, for some altering distance
function w and some c 2 ½0; 1Þ,
wðdðfx; fyÞÞ cwðdðgx; gyÞÞ ð3:4Þ
holds for all x; y 2 X, then f and g have a unique point of
coincidence. If, moreover, f and g are weakly compatible,
then they have a unique common fixed point.
Corollary 2 Let ðX; dÞ be a complete g.m.s. and let f :
X ! X be a self map. If, for some altering distance func-
tion w and some c 2 ½0; 1Þ,
wðdðfx; fyÞÞ cwðdðx; yÞÞ
holds for all x; y 2 X, then f has a unique fixed point.
Remark 3 It is easy to see that the result of Theorem 2
remains valid if the inequality (3.4) is replaced by the
following one
wðdðfx; fyÞÞ cwðMðx; yÞÞ;
where Mðx; yÞ ¼ maxfdðgx; gyÞ; dðgx; fxÞ; dðgy; fyÞg.
Admissible functions
In what follows, we will denote by W the family of




nðtÞ\þ1 for each t [ 0, where wn is the
n-th iterate of w. Note that wðtÞ\t for w 2 W and
t [ 0. Following [35], we adopt the following
terminology:
Definition 2 Let X be a nonempty set, f : X ! X, w 2 W
and a : X  X ! ½0;þ1Þ.
1. f is said to be a-admissible if
x; y 2 X; aðx; yÞ 1 ¼) aðfx; fyÞ 1:
2. If ðX; dÞ is a metric space, then f is called a-w-
contractive if
aðx; yÞdðfx; fyÞwðdðx; yÞÞ ð3:5Þ
for all x; y 2 X.
Samet et al. in [35], as well as several other authors
proved various fixed point theorems for a-admissible
mappings. We will prove one such result in the context of
generalized metric spaces (as a modification of [35, The-
orem 2.1, Theorem 2.2]).
125 Page 4 of 8 Math Sci (2014) 8:125
123
Theorem 3 Let ðX; dÞ be a complete g.m.s. and f : X !
X be an a-w-contractive mapping (for some a and w 2 W)
satisfying the following conditions:
(1) f is a-admissible;
(2) there exists x0 2 X such that aðx0; fx0Þ 1 and
aðx0; f 2x0Þ 1;
(3) f is continuous, or
(3’) if fxng is a sequence in X such that
aðxn; xnþ1Þ 1 for all n and xn ! x 2 X as
n !1, then aðxn; xÞ 1 for all n.
Then f has a fixed point.
Proof Starting from x0 given in (2), construct the
sequence fxng as xnþ1 ¼ fxn, n 2 N. If xn ¼ xnþ1 for some
n 2 N [ f0g, then x	 ¼ xn is a fixed point of f . Assume
further that xn 6¼ xnþ1 for each n 2 N [ f0g.
Since f is a-admissible, it follows from (2) that
aðx1; x2Þ ¼ aðfx0; fx1Þ 1 and aðx1; x3Þ ¼ aðfx0; fx2Þ 1:
By induction, we get
aðxn; xnþ1Þ 1 and aðxn; xnþ2Þ 1 foralln 2 N:
Applying the inequality (3.5) and using the previous rela-
tions, we get
dðxn; xnþ1Þ ¼ dðfxn1; fxnÞ aðxn1; xnÞ
dðfxn1; fxnÞwðdðxn1; xnÞÞ;
and by induction,
dðxn; xnþ1Þwnðdðx0; x1ÞÞforn 2 N: ð3:6Þ
In a similar way, we obtain
dðxn; xnþ2Þwnðdðx0; x2ÞÞforn 2 N: ð3:7Þ
Using the properties of function w 2 W, we get that both
sequences fdðxn; xnþ1Þg and fdðxn; xnþ2Þg are nonincreas-
ing and tend to 0 as n !1. Suppose that xn ¼ xm for some
m; n 2 N, m\n. Then
dðxm; xmþ1Þ ¼ dðxn; xnþ1Þwnmðdðxm; xmþ1ÞÞ\dðxm; xmþ1Þ;
a contradiction. Hence, all elements of the Picard sequence
fxng are distinct.
In order to prove that fxng is a Cauchy sequence in
ðX; dÞ, we consider the distance dðxn; xnþpÞ in the cases
p ¼ 2m þ 1 and p ¼ 2m. In the first case, using the
rectangular inequality and (3.6), we get that
dðxn; xnþ2mþ1Þ dðxn; xnþ1Þ þ dðxnþ1; xnþ2Þ þ dðxnþ2; xnþ2mþ1Þ   
 dðxn; xnþ1Þ þ dðxnþ1; xnþ2Þ þ . . . þ dðxnþ2m; xnþ2mþ1Þ
wnðdðx0; x1ÞÞ þ wnþ1ðdðx0; x1ÞÞ þ . . .
þ wnþ2mðdðx0; x1ÞÞ:
The last expression tends to 0 as n !1, since the series
P1
n¼1 w
nðdðx0; x1ÞÞ converges, by the properties of func-
tion w 2 W.
In the case p ¼ 2m, using (3.7) we obtain in a similar
way that
dðxn; xnþ2mÞ dðxn; xnþ2Þ þ dðxnþ2; xnþ3Þ þ . . .
þ dðxnþ2m1; xnþ2mÞ
wnðdðx0; x2ÞÞ þ wnþ2ðdðx0; x1ÞÞ þ . . .
þ wnþ2m1ðdðx0; x1ÞÞ:
Again, by the properties of function w, it follows that
dðxn; xnþ2mÞ ! as n !1. Hence, fxng is a Cauchy
sequence that converges to some x	 in the complete g.m.s.
ðX; dÞ.
In the case (3) when the function f is continuous, it
immediately follows that fx	 ¼ x	, since a Cauchy
sequence with distinct elements in ðX; dÞ cannot have
two limits, by Lemma 1.
Assume now that condition ð30Þ holds. Using that xn
differs from x	 and fx	 for n sufficiently large, we get that
for such n,
dðx	; fx	Þ dðx	; xnÞ þ dðxn; xnþ1Þ þ dðfxn; fx	Þ:
The first two terms on the right-hand side tend to 0 as
n !1, and for the third one we have that
dðfxn; fx	Þ aðxn; x	Þdðfxn; fx	Þ
wðdðxn; x	ÞÞ\dðxn; x	Þ ! 0;
as n !1. Hence, dðx	; fx	Þ ¼ 0, i.e., x	 is a fixed point
of f . h
The following example is inspired by [28, Example 2]
and [36, Example 2.7].
Example 3 Let X ¼ f1
n
: n 2 Ng [ f0g and define d : X 
X ! ½0;þ1Þ by
dðx; yÞ ¼
0; x ¼ y;
1
n
; fx; yg ¼ f0; 1
n
g;






Then it is easy to see that ðX; dÞ is a complete g.m.s. which
is not a metric space.




; x 2 X n f1g;




and a : X  X ! ½0;þ1Þ given as
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Finally, take w 2 W defined by wðtÞ ¼ t
2
, t 2 ½0;þ1Þ. We
will prove that:
(a) f is an a-w-contractive mapping;
(b) f is a-admissible;
(c) there exists x0 2 X such that aðx0; fx0Þ 1 and
aðx0; f 2x0Þ 1;
(d) if fxng is a sequence in X such that aðxn; xnþ1Þ 1
for all n and xn ! x 2 X as n !1, then aðxn; xÞ 1
for all n.
Proof
(a) The only nontrivial case to check is when x 2 ½0; 1
4

and y ¼ 1 (or vice versa). Then









 1 ¼ wðdðx; yÞÞ:
(b) It was proved in [36, Example 2.7].
(c) For x0 ¼ 0, we have
aðx0; fx0Þ ¼ aðx0; f 2x0Þ ¼ að0; 14Þ ¼ 1.
(d) Let fxng be a sequence in X such that aðxn; xnþ1Þ 1
for all n and xn ! x as n !1. From definition of a,
it follows that















Then, the only possibility is that x ¼ 1
4
. Thus we
have aðxn; xÞ 1 for all n. Hence, all the conditions
of Theorem 3 are satisfied, and f has a fixed point




Cone rectangular metric spaces
Cone metric spaces were defined by L. G. Huang and X.
Zhang in [37]. Following this paper, a huge number of
articles appeared where various fixed point results in such
spaces were proved. However, later it became clear that a
lot of these results can be reduced to their standard metric
counterparts using various methods. These include, among
others, the so-called scalarization method [38] and the
method of Minkowski functional [39].
Generalized cone metric spaces and fixed point results in
them were treated in [6, 21, 22, 31]. We will show that
some of these results can be deduced from the respective
g.m.s. results using Minkowski functionals, similarly as in
[39].
Definition 3 Let ðE; k  kÞ be a real Banach space with h
as the zero element and a solid cone P with the respective
order . Let X be a nonempty set and d : X  X ! E
satisfy the following
1. h  dðx; yÞ for all x; y 2 X and dðx; yÞ ¼ h if and only
if x ¼ y;
2. dðx; yÞ ¼ dðy; xÞ for all x; y 2 X;
3. dðx; yÞ  dðx; uÞ þ dðu; vÞ þ dðv; yÞ for all x; y 2 X
and for all distinct points u; v, both distinct from x
and y.
Then d is called a cone rectangular metric on X and ðX; dÞ
is called a cone rectangular metric space (or a cone g.m.s.).
Recall also the following (see, e.g., [39]).
If V is an absolutely convex and absorbing subset of E,
its Minkowski functional qV is defined by
E 3 x 7!qVðxÞ ¼ inff k[ 0 : x 2 kV g:
It is a semi-norm on E. If V is an absolutely convex
neighborhood of h in E, then qV is continuous and
fx2 E : qVðxÞ\1g ¼ intV  V  V ¼ fx2 E : qVðxÞ1g:
Let e 2 int P. Then ½e; e ¼ ðP  eÞ \ ðe  PÞ ¼ fz 2 E :
e  z  eg is an absolutely convex neighborhood of h; its
Minkowski functional q½e;e will be denoted by qe.
The following theorem can be proved in a very similar
way as [39, Theorem 3.2].
Theorem 4 Let ðX; dÞ be a cone g.m.s. over a solid cone
P and let e 2 int P. Let qe be the corresponding Minkowski
functional of ½e; e. Then dq ¼ qe 
 d is a (real-valued)
rectangular metric on X. Moreover,
1. For a sequence fxng in X, limn!1 xn ¼ x in ðX; dÞ if
and only if limn!1 xn ¼ x in ðX; dqÞ.
2. fxng is a d-Cauchy sequence if and only if it is a dq-
Cauchy sequence.
3. ðX; dÞ is complete if and only if ðX; dqÞ is complete.
As a consequence, most of the results from the papers
[6, 21, 22, 31] can be proved by reducing them to
respective known results in (standard) g.m.s. As a sample,
we will state the result for the quasicontraction (in the
sense of C´iric´ [40]). It is clear that the result will remain
valid for several other contractive conditions listed in the
well-known Rhoades’s paper [41].
Recall the following recent result proved in [28, Theo-
rem 6]:
Theorem 5 [28] Let ðX; qÞ be a complete partial rect-
angular metric space and f : X ! X be a quasicontraction,
i.e., there exists k 2 ½0; 1Þ such that
qðfx; fyÞ k maxfqðx; yÞ; qðx; fxÞ; qðy; fyÞ; qðx; fyÞ; qðy; fxÞg
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for all x; y 2 X. Then f has a unique fixed point x	 2 X
(and qðx	; x	Þ ¼ 0).
Since each g.m.s. is also a partial rectangular metric
space, the previous theorem remains valid in generalized
metric spaces. Now, applying Theorem 4, we get the
following.
Corollary 3 Let ðX; dÞ be a complete cone g.m.s. and let
f : X ! X has the property that for some k 2 ½0; 1Þ and for
all x; y 2 X there exists
uðx; yÞ 2 fdðx; yÞ; dðx; fxÞ; dðy; fyÞ; dðx; fyÞ; dðy; fxÞg
such that dðfx; fyÞ  kuðx; yÞ. Then f has a unique fixed
point in X.
Remark 4 As a consequence, we get that several other
fixed point results (as, e.g., Kannan’s, Chatterjea’s, Zam-
firrescu’s and others, listed in [41]) can be proved in g.m.s.
without using the assumption of Hausdorffness.
Fixed point and common fixed point results can be
proved in ordered g.m.s., as well. Since some of them were
already obtained in [21, 22], we will not treat them here.
We conclude by citing some additional recent references
concerned with extensions of the mentioned results to some
other types of spaces [42–45].
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